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Abstract: For any two complex numbers a and b, Vir(a, b) is a central extension of W(a, b) which
is universal in the case (a, b) 6= (0, 1), whereW(a, b) is the Lie algebra with basis {Ln, Wn | n ∈ Z}
and relations [Lm, Ln] = (n − m)Lm+n, [Lm,Wn] = (a + n + bm)Wm+n, [Wm,Wn] = 0. In this
paper, we construct and classify a class of non-weight modules over the algebra Vir(a, b) which are
free U(CL0 ⊕ CW0)-modules of rank 1. It is proved that such modules can only exist for a = 0.
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1 Introduction
For a, b ∈ C, the Lie algebraW(a, b) was studied in [7], which has a C-basis {Ln, Wn | n ∈ Z}
subject to relations
[Lm, Ln] = (n−m)Lm+n, (1.1)
[Lm,Wn] = (a+ n+ bm)Wm+n, (1.2)
[Wm,Wn] = 0, ∀m,n ∈ Z. (1.3)
It is clear that W(a, b) ∼= W ⋉ Aa,b, where W is the Witt algebra and Aa,b [4] is a module
of the intermediate series over W . It was shown in [3] that W(a, b) is perfect if and only if
(a, b) 6= (0, 1), in which case the universal central extension Vir(a, b) of W(a, b) were also
determined therein. The algebra Vir(a, b) is very meaningful in the sense that it generalizes
many important algebras, such as the so-called Heisenberg-Virasoro algebra Vir(0, 0) which
plays an important role in the representation theory of toroidal Lie algebra, the W (2, 2)
algebra (= Vir(0,−1)) whose representations were studied in [9] in terms of vertex operator
algebras, and the so-called spin-l algebra W(0, l) for l ∈ 1
2
N (N = the set of all positive
integers).
The full subcategory M of U(sln+1)-modules consisting of objects whose restriction to
U(h) are free of rank 1 (h is the standard Cartan subalgebra of sln+1), was investigated
in [5], isomorphism classes of objects in M were classified and their irreducibilities were
determined therein. Such kind of modules for finite dimensional simple Lie algebras were
studied later in [6]. And the idea was exploited and generalized to consider modules over
infinite Lie algebras, such as the Witt algebras of all ranks [8], Heisenberg-Virasoro algebra
andW (2, 2) algebra [2], Lie algebras related to Virasoro algebra [1]. In the present paper, we
∗ Supported by NSF grant no. 11371278, 11431010, 11501417, the Fundamental Research Funds for
the Central Universities of China, Innovation Program of Shanghai Municipal Education Commission and
Program for Young Excellent Talents in Tongji University.
† Correspondence: Q. Chen (Email: qiufantj@126.com)
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shall consider a class of non-weight modules over the algebra U
(
Vir(a, b)
)
whose restriction
to U(CL0 ⊕ CW0) are free of rank 1 and classify all such kind of modules.
This paper is organized as follows. In Section 2, we construct a class of non-weight
Vir(0, b)-modules over C[s, t], and study the irreducibilities and isomorphic relations of these
modules. Section 3 is devoted to classifying all modules over the algebra U
(
W(a, b)
)
and
then over U
(
V ir(a, b)
)
whose restriction to U(CL0⊕CW0) are free of rank 1. As a coproduct,
we show that such modules exist only for W(0, b) and Vir(0, b).
Throughout the paper, the symbols C, Z, C∗, Z∗ represent for the sets of complex num-
bers, integers, nonzero complex numbers and nonzero integers, respectively. U(g) is used to
denote the universal enveloping algebra of a Lie algebra g.
2 Preliminaries
For (a, b) 6= (0, 1), the universal central extension Vir(a, b) of W(a, b) are determined in [3],
which can be divided into the following four cases.
Case (i). Vir(0, 0) is the Lie algebra with the C-basis {Ln, Wn, C1, C2, C3 | n ∈ Z} and
the Lie brackets given by
[Ln, Lm] = (m− n)Lm+n + δm+n,0
n3 − n
12
C1,
[Ln,Wm] = mWm+n + δm+n,0(n
2 + n)C2, [Wn,Wm] = nδm+n,0C3,
[Ci, V ir(0, 0)] = 0, ∀m,n ∈ Z, i = 1, 2, 3.
Case (ii). Vir(0,−1) is the Lie algebra with the C-basis {Ln, Wn, C1, C2 | n ∈ Z} and
the Lie brackets given by
[Ln, Lm] = (m− n)Lm+n + δm+n,0
n3 − n
12
C1,
[Ln,Wm] = (m− n)Wm+n + δm+n,0
n3 − n
12
C2,
[Wn,Wm] = [Ci,Vir(0,−1)] = 0, where m,n ∈ Z, i = 1, 2.
Case (iii). Vir(1
2
, 0) is the Lie algebra with the C-basis {Ln, Wn, C1, C3 | n ∈ Z} and
the Lie brackets given by
[Ln, Lm] = (m− n)Lm+n + δm+n,0
n3 − n
12
C1,
[Ln,Wm] = (m+
1
2
)Wm+n, [Wn,Wm] = (2n + 1)δm+n,−1C3
[Ci,Vir(
1
2
, 0)] = 0, where m,n ∈ Z, i = 1, 3.
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Case (iv). Vir(a, b) with (a, b) 6= (0, 0), (0,±1), (1
2
, 0) is the Lie algebra with the C-basis
{Ln, Wn, C1 | n ∈ Z} and the Lie brackets given by
[Ln, Lm] = (m− n)Lm+n + δm+n,0
n3 − n
12
C1,
[Ln,Wm] = (m+ a+ nb)Wm+n,
[Wn,Wm] = [C1,Vir(a, b)] = 0, ∀m,n ∈ Z.
While the Lie algebra Vir(0, 1) has a C-basis {Ln, Wn, C1, C2, C4 | n ∈ Z} subject to
[Ln, Lm] = (m− n)Lm+n + δm+n,0
n3 − n
12
C1,
[Ln,Wm] = (m+ n)Wm+n + δm+n,0(nC2 + C4),
[Wn,Wm] = [Ci,Vir(0, 1)] = 0, where m,n ∈ Z, i = 1, 2, 4.
Fix any α ∈ C and b ∈ C. For any nonnegative integer k and n ∈ Z, define the following
polynomials
qn,k;α(t) = nt
k − δb,−1n(n− 1)α
tk − αk
t− α
− δb,1nα
tk − αk
t− α
. (2.1)
Set
Hα =
{(
hn(t)
)
n∈Z
| hn(t) =
∞∑
i=0
h(i)qn,i;α(t) ∈ C[t], h
(i) ∈ C
}
. (2.2)
Definition 2.1. Let C[s, t] be the polynomial algebra in variables s and t with coefficients
in C. For λ ∈ C∗, α ∈ C and h =
(
hn(t)
)
n∈Z
∈ Hα, define the action of Vir(0, b) on
Φ(λ, α,h) := C[s, t] as follows:
Lm · f(s, t) = λ
m
(
s+ hm(t)
)
f(s−m, t) + bmλm
(
t− δb,−1mα
−δb,1(1− δm,0)α
) ∂
∂t
(
f(s−m, t)
)
,
Wm · f(s, t) = λ
m
(
t− δb,−1mα− δb,1(1− δm,0)α
)
f(s−m, t),
Ci · f(s, t) = 0, where f(s, t) ∈ C[s, t], i = 1, 2, 3, 4.
For any λ ∈ C∗ and r =
(
rn(t)
)
n∈Z
∈ H0, another action of Vir(0, 1) on Θ(λ, r) := C[s, t] is
defined by
Lm · f(s, t) = λ
m
(
s+ hm(t)
)
f(s−m, t)
Wm · f(s, t) = δm,0tf(s−m, t)
Ci · f(s, t) = 0, where f(s, t) ∈ C[s, t], i = 1, 2, 4.
3
Proposition 2.2. All Φ(λ, α,h) are Vir(0, b)-modules and all Θ(λ, r) are Vir(0, 1)-modules
under the actions given in Definition 2.1.
Proof. We only tackle with the case b 6= ±1, the arguments for the other two cases analogue
being similar. According to the above definition, we have
Lm · f(s, t) = λ
m
(
s+ hm(t)
)
f(s−m, t) + λmbmt
∂
∂t
(
f(s−m, t)
)
,
Wm · f(s, t) = λ
mtf(s−m, t),
where m ∈ Z and hm(t) =
∑∞
i=0 h
(i)mti for h(i) ∈ C. By a straightforward computation, we
obtain the following
Lm · Ln ·
(
f(s, t)
)
= Lm ·
(
λn(s+ hn(t))f(s− n, t) + λ
nbnt
∂
∂t
(
f(s− n, t)
)
= λm+n
{
(s+ hm(t))(s−m+ hn(t))f(s−m− n, t) + bnt(s + hm(t))
∂
∂t
(
f(s−m− n, t)
)
+ bmtf(s−m− n, t)h′n(t) + bmt(s−m+ hn(t))
∂
∂t
(
f(s−m− n, t)
)
+ b2mnt
∂
∂t
(
f(s−m− n, t)
)
+ b2mnt2
∂2
∂2t
(
f(s−m− n, t)
)}
, (2.3)
Lm ·Wn ·
(
f(s, t)
)
= Lm ·
(
λnt(f(s− n, t)
)
(2.4)
= λm+n
{
(s+ hm(t))tf(s−m− n, t) + bmtf(s−m− n, t) + bmt
2 ∂
∂t
(
f(s−m− n, t)
)}
,
Wn · Lm ·
(
f(s, t)
)
= Wn ·
(
λm
(
s + hm(t)
)
f(s−m, t) + λmbmt
∂
∂t
(
f(s−m, t)
))
= λm+n
{
t(s− n+ hm(t))f(s−m− n, t) + bmt
2 ∂
∂t
(
f(s−m− n, t)
}
, (2.5)
Wm ·Wn ·
(
f(s, t)
)
= λm+nt2f(s−m− n, t). (2.6)
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It follows from (2.3) that
[Lm, Ln] ·
(
f(s, t)
)
= λm+n
{(
(s+ hm(t))(s−m+ hn(t))− (s+ hn(t))(s− n+ hm(t))
)
f(s−m− n, t)
+ bt
(
n(s+ hm(t)−m(s+ hn(t)
) ∂
∂t
(
f(s−m− n, t)
)
+ bt
(
m
(
h
′
n(t)
)
− n
(
h
′
m(t)
))
f(s−m− n, t)
+ bt
(
m(s−m+ hn(t))− n(s− n + hm(t))
) ∂
∂t
(
f(s−m− n, t)
)}
= (n−m)λm+n
(
s+ hm+n(t)
)
f(s−m− n, t) + (n−m)(n+m)bt
∂
∂t
(
f(s−m− n, t)
)
= (n−m)Lm+n ·
(
f(s, t)
)
,
where the second equality follows from
0 = tmh
′
n(t)− tnh
′
m(t) = nhn(t)−mhm(t)− (n−m)hm+n(t).
Subtracting (2.4) from (2.5) gives rise to
[Lm,Wn] ·
(
f(s, t)
)
= (n+ bm)λm+ntf(s−m− n, t)
= (n+ bm)Wm+n ·
(
f(s, t)
)
.
Finally, [Wm,Wn] ·
(
f(s, t)
)
= 0 follows from (2.6), completing the proof.
The following proposition gives a characterization of two Vir(0, b)-modules constructed
above being isomorphic.
Proposition 2.3. (i) If b = ±1, then
Φ(λ, α,h) ∼= Φ(µ, β, e)⇐⇒ λ = µ, α = β,h = e, (2.7)
Θ(λ, r) ∼= Θ(µ,w)⇐⇒ λ = µ, r = w, (2.8)
Φ(λ, α,h) is irreducible if and only if α 6= 0 and Θ(λ, r) is reducible;
(ii) If b 6= ±1, then
Φ(λ, α,h) ∼= Φ(λ, 0, e), Φ(λ, 0,h) ∼= Φ(µ, 0, e)⇐⇒ λ = µ,h = e (2.9)
and Φ(λ, 0,h) is reducible.
Proof. Statements concerning reducibility and irreducibility follow directly from [2]. We only
prove (2.7) for the case b = 1, similar argument can be applied to (2.7) for the case b = −1,
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(2.8) and (2.9). For this, it suffices to show the “ =⇒ ” part. Let ϕ : Φ(λ, α,h)→ Φ(µ, β, e)
be a isomorphism of Vir(0, 1)-modules. Then for any f(t) ∈ C[t] and m ∈ Z, we have
ϕ(f(t)) = ϕ(f(W0) · 1) = f(W0) · ϕ(1) = f(t)ϕ(1),
λmϕ
(
t− (1− δm,0)α
)
= ϕ(Wm · 1) = Wm · ϕ(1) = µ
m(t− (1− δm,0)β)ϕ(1)
and λmϕ(s+ hm(t)) = ϕ(Lm · 1) = Lm · ϕ(1) = µ
m(s+ em(t))ϕ(1).
It is easy to see from the first two formulas above that λ = µ and α = β. Taking m = 1
in the third formula one has ϕ(s) = sϕ(1), which together with the first and third formulas
gives rise to hm(t) = em(t) for all m ∈ Z, i.e., h = e.
3 Main result
The main result of the present paper is to classify all modules over U
(
Vir(a, b)
)
whose
restriction to U(CL0 ⊕ CW0) are free of rank 1. But we first classify such modules for
W(a, b), that is the following reslut.
Theorem 3.1. Suppose that there exists a W(a, b)-module M such that it is a free U(CL0⊕
CW0)-module of rank 1. Then a = 0, M ∼= Φ(λ, α,h) or Θ(λ, r) if b = 1, and M ∼= Φ(λ, α,h)
if b 6= 1 for some α ∈ C, λ ∈ C∗ and h =
(
hn(t)
)
n∈Z
∈ Hα, r =
(
rn(t)
)
n∈Z
∈ H0.
Proof. Let M be a W(a, b)-module which is a free U(CL0 ⊕ CW0)-module of rank 1. Then
M = U(CL0 ⊕ CW0). We divide the proof into several claims.
Formulas in the following claim can be easily shown by proceeding by induction on i,
which will be useful in what follows.
Claim 1. For any 0 ≤ i ∈ Z and m ∈ Z, we have
WmW
i
0 = W
i
0Wm,
WmL
i
0 = (L0 − (a+m))
iWm,
LmL
i
0 = (L0 −m)
iLm,
LmW
i
0 = W
i
0Lm + i(a + bm)W
i−1
0 Wm.
For any m ∈ Z, assume that gm(L0,W0) = Lm · 1 and am(L0,W0) = Wm · 1 for some
gm(L0,W0), am(L0,W0) ∈ U(CL0 ⊕CW0). Next we are going to show that the action of Lm
and Wm on M is completely determined by gm(L0,W0) and am(L0,W0), respectively. Take
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any u(L0,W0) =
∑
i,j≥0 ai,jL
i
0W
j
0 ∈ U(CL0 ⊕ CW0). Then by using Claim 1 we have
Lm · u(L0,W0)
= Lm ·
∑
i,j≥0
ai,jL
i
0W
j
0
=
∑
i,j≥0
ai,j(L0 −m)
iLm ·W
j
0
=
∑
i,j≥0
ai,j(L0 −m)
i
(
W j0 gm(L0,W0) + j(a + bm)W
j−1
0 am(L0,W0)
)
= u(L0 −m,W0)gm(L0,W0) + (a+ bm)
∂
∂W0
(
u(L0 −m,W0)
)
am(L0,W0), (3.1)
and
Wm · u(L0,W0) = Wm ·
∑
i,j≥0
ai,jL
i
0W
j
0
=
∑
i,j≥0
ai,j
(
L0 − (a +m)
)i
Wm ·W
j
0
= u(L0 − a−m,W0)am(L0,W0). (3.2)
Hence in order to finish the proof it suffices to determine am(L0,W0) and gm(L0,W0) for all
m ∈ Z.
Claim 2. For all m ∈ Z, am(W0) := am(L0,W0) ∈ C[W0]. Moreover, if there exists
am(L0,W0) = 0 for some m ∈ Z, then (a, b) = (0, 1) and in this case an(W0) = δn,0W0
for all n ∈ Z.
For the case (a, b) = (0, 1), if there exists some m0 ∈ Z
∗ such that am0(L0,W0) = 0, then
using [Ln,Wm0 ] = (n +m0)Wn+m0 one has am(L0,W0) = 0 for all m ∈ Z
∗.
It remains to show that am(L0,W0) 6= 0 for any m ∈ Z in the case (a, b) 6= (0, 1). Suppose
on the contrary that am(L0,W0) = 0 for some m ∈ Z
∗. Set Im = {n ∈ Z | a + bn +m 6= 0}.
Note that Im is an infinite set. It follows from Claim 1 that Wm ·M = 0, which together
with (1.2) gives rise to Wm+n ·M = 0 for all n ∈ Im. Then by (1.2) again, we have
0 = [L−m−n,Wm+n] = (a− b(m+ n) +m+ n)W0.
Now this and the infinity of Im imply a0(L0,W0) = 0, which is absurd. Now we can assume
am(L0,W0) =
∑km
i=0 bm,iL
i
0 for some bm,i = bm,i(W0) ∈ C[W0] and bm,km 6= 0. Note that
0 = Wm ·Wn · 1−Wn ·Wm · 1
=
kn∑
i=0
bn,i(L0 − (a+m))
i
km∑
i=0
bm,iL
i
0 −
km∑
i=0
bm,i(L0 − (a+ n))
i
kn∑
i=0
bn,iL
i
0
≡ bm,kmbn,kn((a+ n)km − (a+m)kn)L
kn+km−1
0
(
mod⊕kn+km−2i=0 C[W0]L
i
0
)
.
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Hence km = 0 for any m ∈ Z, i.e., am(L0,W0) ∈ C[W0].
Claim 3. a = 0.
Combing the relation (1.2) with (3.1)-(3.2) and Claim 2, we obtain
(a + n+ bm)am+n(W0) = an(W0)
(
gm(L0,W0)− gm(L0 − a− n,W0)
)
+(a + bm)a′n(W0)am(W0). (3.3)
Thus we must have degL0(gm(L0,W0) − gm(L0 − a − n,W0)) = 0, which in turn requires
degL0gm(L0,W0) ≤ 1 for all m ∈ Z. These entail us to assume that
gm(L0,W0) = bmL0 + dm, (3.4)
for any m ∈ Z and some bm, dm ∈ C[W0]. Substituting (3.4) into (3.3) one has
(a+ n+ bm)am+n(W0)
= (a+ n)an(W0)bm + (a+ bm)a
′
n(W0)am(W0). (3.5)
Setting m = 0 in the equation above one has
aa′n(W0)W0 = 0,
by noticing a0(W0) = W0 and b0 = 1. Thus a = 0.
Claim 4. For all m ∈ Z, bm = λ
m for some λ ∈ C∗.
From [Lm, Ln] · 1 = (n−m)Lm+n · 1, we have for all m,n ∈ Z that
(n−m)
(
bm+nL0 + dm+n
)
= (n−m)bmbnL0 +
(
nbmdn −mbndm
−nbd′man(W0) +mbd
′
nam(W0)
)
. (3.6)
By comparing the coefficients of L0 of both sides of (3.6) and setting m = 1 and m = −1,
we respectively get
(n− 1)bn+1 = (n− 1)bnb1 and (n+ 1)bn−1 = (n+ 1)bnb−1,
from which one has bn = λ
n (λ := b1 ∈ C
∗) for all n ∈ Z. Thus the claim holds.
Claim 5. If am(W0) 6= 0, then degW0am(W0) = 1.
An important fact observed from (3.5) is that the degrees of an(W0) are bounded. Assume
that degW0am0(W0) = max{degW0ak(W0) | k ∈ Z}. Then we assert that degW0am0(W0) ≤ 1.
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If m0 = 0, then we are done. For m0 6= 0, setting n = m = m0 in (3.5) along with Claim 4
gives rise to
λm0 = (1 + b)
a2m0(W0)
am0(W0)
− ba′m0(W0). (3.7)
Then we must have
a2m0 (W0)
am0 (W0)
∈ C∗ by the choice of m0, which implies degW0am0(W0) ≤ 1 for
b 6= 0. While in the case b = 0, (3.5) simply becomes
nam+n(W0) = nan(W0)λ
m,
from which we obtain an(W0) = λ
nW0 for all n ∈ Z. So in either case our assertion is true.
This allows us to assume that
am(W0) = AmW0 +Bm, (3.8)
for some Am, Bm ∈ C. Substituting (3.8) into (3.5) implies that
(n+ bm)Am+n = nAnλ
m + bmAnAm, (3.9)
(n+ bm)Bm+n = nBnλ
m + bmAnBm, ∀m,n ∈ Z. (3.10)
We next assert that An ∈ C
∗ for all n ∈ Z. Suppose on the contrary that there exists
some n0 ∈ Z
∗ such that An0 = 0. Letting n = −m = n0 in (3.9) along with the fact that
A0 = 1, we have b = 1. Then it follows from by setting n = n0 in (3.9) that An = 0 for all
n ∈ Z∗. Setting n + m = 0 in (3.10), then An = 0 implies Bn = 0 for all n ∈ Z
∗. Hence,
an(W0) = 0 for all n ∈ Z
∗, contradicting the assumption of our claim. Now Claim 5 follows
immediately from the two assertions.
Claim 6. For all m ∈ Z, Am = λ
m, where λ ∈ C∗ as in Claim 4.
Letting n = −m = −1 and n = −m = 1 in (3.9) respectively, we obtain
b− 1 = A−1(bA1 − λ) and b− 1 = A1(bA−1 − λ
−1). (3.11)
Equating the above two equations gives rise to A1λ
−1 = A−1λ, i.e.,
A1 = kλ, A−1 = kλ
−1 for some k ∈ C∗. (3.12)
Substituting (3.12) into one of the equations in (3.11) implies bk2 − k − (b − 1) = 0, from
which we obtain
k =
{
1 if b ∈ {0, 1
2
},
1 or 1−b
b
otherwise .
Indeed, k ≡ 1, i.e., the case k = 1−b
b
for some b 6∈ {0, 1
2
} can not occur. Suppose not, setting
n = m = 1 in (3.9) along with (3.12) forces that
b(1 + b)A2 = (b− 1)(b− 2)λ
2. (3.13)
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But then b = −1 would give λ = 0, contradicting the choice of λ; while b 6= −1 would
give rise to b = 1
2
by taking n = −1, m = 2 in (3.9) and using (3.13), a contradiction with
b /∈ {0, 1
2
}.
Now (3.12) turns out to be
A1 = λ,A−1 = λ
−1 (3.14)
due to k = 1. Taking n = 1 and n = −1 in (3.9) respectively, we have
(bm+ 1)Am+1 = λ
m+1 + bmλAm, (3.15)
(bm− 1)Am−1 = −λ
m−1 + bmλ−1Am. (3.16)
If 1 + bm 6= 0 for all m ∈ Z, then (3.15) together with (3.14) gives Am = λ
m for any m ∈ Z.
Otherwise, assume b = − 1
m0
for some m0 ∈ Z
∗. Consider the case m0 > 0. From (3.15)
we have Am = λ
m for all m ∈ Z and m < 1 +m0. Letting m = m0 + 1 in (3.16), we have
(b − 2)Am0 = −λ
m0 + (b − 1)λ−1A1+m0 , which forces A1+m0 = λ
m0+1. By (3.15) again we
obtain Am = λ
m for all m ∈ Z. Similarly one can show that the claim is also true for the
case m0 < 0.
Claim 7. If am(W0) 6= 0 for all m ∈ Z, then am(W0) = λ
m
(
W0− δb,−1mα− δb,1(1− δm,0)α
)
for some α ∈ C.
Combining Claim 4 with (3.10) one has
(n+ bm)Bm+n = nλ
mBn + bmλ
nBm for all m,n ∈ Z. (3.17)
Setting n = −m = −1 and n = −m = 1 in (3.17) respectively, we obtain
B−1λ = bλ
−1B1 and bB−1λ = λ
−1B1,
from which we get B1λ
−1(b2 − 1) = 0. There are three cases to be considered.
Case 1. b 6= ±1.
In this case, we have B1 = B−1 = 0. In fact, Bm = 0 for all m ∈ Z. To see this, taking
n = 1 and n = −1 in (3.17) respectively, we have
(bm+ 1)Bm+1 = bmλBm, (3.18)
(bm− 1)Bm−1 = bmλ
−1Bm, ∀m ∈ Z. (3.19)
Then either relation above would give Bm = 0 for all m ∈ Z if 1 + bm 6= 0 for all m ∈ Z.
Without loss of generality, we only consider b = − 1
m0
for some positive integer m0. It follows
from (3.18) and B1 = 0 that one can inductively show Bm = 0 for all 1 ≤ m < 1 + m0.
While B1+m0 = 0 can be obtained immediately from by taking m = m0 + 1 in (3.19). But
this and (3.18) give rise to Bm = 0 for all m ≥ 1 +m0. Hence, Bm = 0 for all m ∈ Z, since
Bm = 0 for all negative integers can be inferred from (3.19).
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Case 2. b = 1.
In this case, from (3.17) one can show by induction that Bm = (1 − δm,0)B1λ
m−1 for
m ∈ Z.
Case 3. b = −1.
Inductively, we have Bm = mB1λ
m−1 for all m ∈ Z by (3.17).
The three cases above can be summarized as follows:
am(W0) =


λmW0 + (1− δm,0)B1λ
m−1 if b = 1,
λmW0 +mB1λ
m−1 if b = −1,
λmW0 otherwise .
Whence Claim 7 follows by setting α = −B1
λ
.
It now follows from (3.4) and Claim 4 that gn(L0,W0) = λ
nL0 + dn for all n ∈ Z. So it
remains to determine the expressions of these dn.
Claim 8.
gn(L0,W0) =


λn
(
L0 + rn(W0)
)
if (a, b) = (0, 1) and an(W0) = δn,0W0,
λn
(
L0 + hn(W0)
)
if (a, b) = (0, 1) and an(W0) 6= 0,
λn
(
L0 + hn(W0)
)
if (a, b) 6= (0, 1)
for some
(
hn(t)
)
n∈Z
∈ Hα and
(
rn(t)
)
n∈Z
∈ H0 (cf. (2.2)).
It follows from Claim 4 and by comparing monomials concerning W0 in (3.6) that
nλmdn −mλ
ndm − nbd
′
man(W0) +mbd
′
nam(W0) = (n−m)dm+n. (3.20)
Denote Fm = λ
−mdm ∈ C[W0].
Now we assume that am(W0) 6= 0 for all m ∈ Z. Then by Claim 7, (3.20) can be rewritten
as
(n−m)Fm+n = nFn −mFm − nbF
′
m
(
W0 − δb,−1nα− δb,1(1− δn,0)α
)
+mbF ′n
(
W0 − δb,−1mα − δb,1(1− δm,0)α
)
. (3.21)
It is important to observe that degrees of all Fn are bounded. Let k be a nonnegative integer
such that deg Fn ≤ k for all n ∈ Z. Let fn be the coefficient of W
k
0 of Fn. By Claim 7
of [2], we see that fn = nf1 for all n ∈ Z. It follows from Proposition 2.2 that all qn,k;α
in (2.1) satisfy (3.21). Then by the construction of qn,k;α there exists h
(k) ∈ C such that
degW0(Fn − h
(k)qn,k;α) ≤ k − 1 for all n ∈ Z. Observe that Fn − h
(k)qn,k;α for all n ∈ Z also
satisfy (3.21). Replacing Fn with Fn − h
(k)qn,k;α and repeating the above process, we can
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find h(1), h(2), ..., h(k−1) ∈ C such that Fn −
∑k
i=1 h
(i)qn,i;α are constants and satisfy (3.21),
that is,
Fn −
k∑
i=1
h(i)qn,i;α = h
(0)qn,0;α
for some h(0) ∈ C. Hence, Fn =
∑k
i=0 h
(i)qn,i;α.
Similarly, in the case am(W0) = δm,0W0 for any m ∈ Z one can show that there exists(
rn(t)
)
n∈Z
∈ H0 such that
gn(L0,W0) = λ
n
(
L0 + rn(W0)
)
for all n ∈ Z. This completes the proof of Claim 8 and then Theorem 3.1.
When C[s, t] is considered as a Vir(a, b)-module, i.e., taking the central elements Ci into
account, it can be showed by the similar arguments as above, but whose proof is a little
more complicated than that of Theorem 3.1, that Ci = 0 on C[s, t]. So the following result
also holds.
Theorem 3.2. Suppose that there exists a Vir(a, b)-module M such that it is a free U(CL0⊕
CW0)-module of rank 1. Then a = 0, M ∼= Φ(λ, α,h) or Θ(λ, r) if b = 1, and M ∼= Φ(λ, α,h)
if b 6= 1 for some α ∈ C, λ ∈ C∗ and h =
(
hn(t)
)
n∈Z
∈ Hα, r =
(
rn(t)
)
n∈Z
∈ H0.
References
[1] Q. Chen, Y. Cai, “Modules over algebras related to the Virasoro algebra,” Internat. J.
Math. 26, 1550070 (2015).
[2] H. Chen, X. Guo, “Modules over the Heisenberg-Virasoro and W (2, 2) algebras,”
arXiv:1401.4670v2.
[3] S. Gao, C. Jiang, Y. Pei, “Low-dimensional cohomology groups of the Lie algebras W (a, b),”
Commu. Alg. 39, 397–423 (2011).
[4] I. Kaplansky, L.J. Santharoubane, “Harish Chandra modules over the Virasoro algebra,”
Publ. Math. Sci. Res. Inst. 4, 217-231 (1987).
[5] J. Nilsson, “Simple sln+1-module structures on U(h),” J. Algebra 424, 294-329 (2015).
[6] J. Nilsson, “U(h)-free modules and coherent families,” arXiv:1501.03091.
[7] V. Ovsienko, C. Roger, “Extensions of the Virasoro group and the Virasoro algebra by
modules of tensor densities on S1,” Functional Analysis and Its Applications 30.
[8] H. Tan, K. Zhao, “W+n and Wn-module structures on U(hn),” J. Algebra 424, 257-375
(2015).
[9] W. Zhang, C. Dong, “W -algebra W (2, 2) and the Vertex operator algebra L(1/2, 0) ⊗
L(1/2, 0),” Comm. Math. Phys. 285, 991–1004 (2009).
12
